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We theoretically study a Josephson junction formed by two finite-size s-wave SCs on a topological
insulator under a magnetic field. At certain conditions, the junction hosts the chiral Majorana
modes enclosing the two finite-size SCs. The interplay of the extended chiral Majorana modes and
the states inside the junction can results in nontrivial topological effects such as the 2npi fractional
AC Josephson effects predicted in Ref.27 We show that the 2npi fractional AC Josephson effects can
occur in a realistic situation, such as the presence of the midgap states, without requiring fine tuning
of the parameters of the junction. We also find that the Shapiro spikes of the junction show a rich
structure in a wide range of the AC voltage bias, facilitating experimental identification of the 2npi
fractional AC Josephson effects. Moreover, we discuss how to observe the non-commutativity of the
operations that braid the Majorana fermions of the junction, by measuring the Josephson current.
Finally, we study the state evolution of the junction when the junction hosts a different number of
Majorana zero modes from the case of the 2npi fractional AC Josephson effects.
I. INTRODUCTION
Implementation of topological quantum computa-
tion requires exotic quasi-particles obeying non-Abelian
braiding statistics.1,2 Majorana fermions are non-Abelian
anyons,3–5 and experimental observation of their non-
Abelian effects would be an important step towards
topological quantum computation. Majorana fermions
emerge as topological zero-energy excitations of p-wave
superconductors (SCs) in which they come in pair as the
real and imaginary parts of a complex fermion. There are
the effective p-wave superconductors that can host Ma-
jorana fermions,6–15 including a Josephson junction of s-
wave superconductors on a topolgical insulator (TI).16–20
The 4pi fractional AC Josephson effect is one of the key
features of the p-wave topological SC.21,22 Conventional
Josephson junctions transfer a pair of electron charge
when the SC phase difference changes by 2pi, showing
the supercurrent oscillating in time with the Josephson
frequency ωJ = 2eVDC/~ under voltage bias VDC across
the junction. By contrast, in topological Josephson junc-
tions hosting two Majorana fermions, a single electron
can tunnel into a junction state (e.g., |0〉, formed by
the two Majorana fermions) and change the occupation-
number parity of the state (e.g., forming |1〉), when the
phase difference changes by 2pi. Due to this fermion par-
ity switching, the initial junction state is recovered after
the SC phase difference changes by 4pi. This results in
the fractional Josephson frequency of ωJ/2, namely, the
period elongation by factor two.
The Shapiro step or spike is a useful tool for observ-
ing the frequency of oscillating supercurrent from long-
time average of the voltage or current across the junction.
By measuring the Shapiro effect, the 4pi fractional AC
Josephson effect has been observed.23–26 In a recent ex-
periment25, the Shaprio spikes were detected in a Joseph-
son junction on a TI by applying DC bias voltage to the
junction and measuring the Josephson radiation, and the
fractional frequency ωJ/2 was identified.
Recently, the 2npi fractional Josephson effect with an
integer n ≥ 2 was theoretically predicted in Ref.27. The
effect shows the Josephson current oscillating with the
fractional frequency of ωJ/n in time when a DC bias
voltage VDC is applied across the junction. The period
elongation factor n is an integer ≥ 2 and can be tuned by
the DC bias voltage. This is a unique feature of the 2npi
fractional AC Josephson effect. The 2npi fractional effect
occurs in a Josephson junction formed by two finite-size
s-wave SCs on a TI when three magnetic flux quanta
are applied through the junction (see Fig. 1). The 2npi
fractional Josephson effect can be observed by measuring
Shapiro spikes.
The origin of the 2npi fractional Josephson effect is the
fusion and braiding of four Majorana fermions formed
in the junction. The fusion and braiding results in non-
Abelian state evolution such as |00〉 → |00〉 + eiφ|11〉 in
one conventional Josephson period TJ = h/(2eVDC) =
2pi/ωJ, where |00〉 and |11〉 are the complex fermion
states formed by the four Majorana fermions. The evo-
lution turns back to the initial state after time nTJ. The
dynamical phase φ is accumulated during the fusion and
depends on the voltage VDC, and this is why the period-
elongation factor n or the state evolution can be tuned by
changing VDC. This mechanism is different from that of
the known 4pi fractional Josephson effect21,22 where only
two Majorana fermions play a role and no non-Abelian
state evolution takes place.
One interesting point is that the non-Abelian state evo-
lution occurs in the single Josephson junction; this con-
trasts with the other theoretical proposals8,28 that re-
quire multiple junctions to generate non-Abelian state
evolution by braiding Majorana fermions. One of the
key elements that make the non-Abelian evolution possi-
ble in the single junction is the geometrical feature that
the two SC regions of the junction are of finite size. Due
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2to a topological orgin, the junction hosts the chiral Majo-
rana modes enclosing the two finite-size SC regions. The
interplay of the extended chiral Majorana modes and the
states inside the junction can generate new effects that
are absent in conventional Josephson junctions. This mo-
tivates us to study the various properties of the junction
in this work.
In this paper, we develop the theory for the Joseph-
son junction formed by two finite-size s-wave SCs on a
topological insulator under a magnetic field (see Fig. 1).
We derive the effective Hamiltonian describing the low-
energy phenomena of the junction, starting from the
Dirac-Bogoliubov-de Gennes Hamiltonian, and find the
condition for the emergence of the extended chiral Ma-
jorana zero modes along the boundary arcs of the SC
regions outside the junction. Extending the findings in
Ref.27, we show that the 2npi fractional AC effects do not
require fine tuning of the parameters and that the 2npi
effects can occur in the setup with realistic parameters in
the presence of the midgap states of the junction. More-
over, we discuss how to observe the non-commutativity
of the operations that braid the Majorana fermions of the
junction. We also compute the Shapiro spikes of the 2npi
fractional AC Josephson effect in a wide range of a AC
voltage bias across the junction and show that the spikes
have a richer structure than those at a small AC voltage
studied in Ref.27, facilitating more possibility of exper-
imental identification of the 2npi fractional AC Joseph-
son effects. Finally, we study how the state evolution of
the junction or the 2npi fractional AC Josephson effect
changes when the junction hosts a different number of
Majorana zero modes inside the junction or inside the
SC regions than the case studied in Ref.27.
This paper is organized as follows. In Sec. II, we intro-
duce the Josephson junction. We derive the low-energy
description of the junction, study the emergence of Ma-
jorana fermions, and briefly review the 2npi fractional
Josephson effect found in Ref.27. In Sec. III, we dis-
cuss the robustness of the 2npi fractional Josephson ef-
fect, and provide the numerical results of the Josephson
current with realistic parameters in the presence of the
midgap states. In Sec. IV, we study how to observe the
non-commutativity of the braiding operations. In Sec. V,
we numerically compute the Shapiro spikes. In Sec. VI,
we discuss the cases where the junction hosts a different
number of Majorana zero modes from the case studied in
Ref.27. The summary is given in Sec. VII.
II. SETUP
In this section, we introduce the planar topological
Josephson junction on a TI in Fig. 1 and develop the the-
ory for the junction. In section II A, we derive the effec-
tive Hamiltonian describing the low-energy phenomena
of the junction, and discuss the symmetry of the Hamil-
tonian. In section II B, we derive the condition for the
emergence of the extended chiral Majorana fermion along
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FIG. 1. (a) A Josephson junction consists of two finite-
size effective p-wave superconducting regions (blue shade) on
a TI. A magnetic field B is applied to the TI, to make the
surface region outside the SCs insulating. Chiral Majorana
modes (yellow lines) propagate along the boundary of each
SC region in the direction represented by the arrows. (b) Co-
ordinates for the system. It is convenient to introduce two
coordinates, Cartesian coordinate r = (x, y) and another co-
ordinate (Xa, Ya). The coordinate (x, y) is used for the region
inside the junction where x ∈ [0,W ]. (Xa, Ya) is used for the
region near the boundary arc of SC a, where a = u (a = l
) for the upper (lower) SC. Xa ∈ [−la, 0] and Ya = 0 along
the boundary arc of the SC a, where la is the length of the
arc. θ is the angle between the two coordinates. The red
crosses show the positions of branch cuts representing the
anti-periodic boundary condition of the modes.
the arc of the SC regions outside the junction, by using
a scattering matrix approach. In section II C, we briefly
summarize the 2npi fractional Josephson effect found in
Ref.27.
A. Derivation of an effective hamiltonian
The Josephson junction in Fig. 1 can be described by
the Dirac-Bogoliubov-de Gennes Hamiltonian8 HDBdG =∫
drΨ†(r)H(r)Ψ(r)/2, where
H(r) = τz[vFΠ · s− µ] + ∆0(r)[τx cosϕ(r) + τy sinϕ(r)],
(1)
Ψ†(r) =
(
ψ†↑(r), ψ
†
↓(r), ψ↓(r),−ψ↑(r)
)
, and τx,y,z are the
Pauli matrices in the particle-hole space. ψ†↑(↓) creates an
electron with spin ↑ (↓) at position r on the topological
insulator surface, and sx,y,z’s are the Pauli matrices for
the electron spin. vF is the Fermi velocity of electrons on
the TI surface. Π ≡ p−τzeA, where p = −i~∇, e < 0 is
the electron charge, A is the vector potential associated
with the magnetic field B(r)zˆ =∇×A. B(r) = B on the
surface outside the SC regions, while B(r) = 0 inside the
SC regions. µ is the chemical potential. ∆0(r) = ∆0 is
the magnitude of the proximity-induced superconducting
order on the TI surface (∆0(r) = 0 outside the SCs), and
ϕ(r) is the superconducting phase of each SC region. The
superconducting phase difference between the SCs
∆ϕ(x, ϕ0) =
2piN
W
(
x− W
2
)
− ϕ0 (2)
3depends on the magnetic flux N ≡ BLW/Φ0 in the junc-
tion area LW , where ϕ0 is the phase offset (the value in
the absence of the flux), L is the junction length, W is
the junction width, and Φ0 = h/(2e).
The Hamiltonian HDBdG is particle-hole symmetric
{Ξ, HDBdG} = 0, where Ξ = τyσyK, K is complex con-
jugation, and Ξ2 = 1. HDBdG is also invariant under
ϕ0 7→ ϕ0 + 2pi, and the phase offset ϕ0 evolves in time
under a voltage bias V (t) across the junction according
to the Josephson relation
ϕ0(t) =
2e
~
∫ t
0
V (t′)dt′. (3)
We derive a low-energy effective Hamiltonian H from
the full Hamiltonian HDBdG, focusing on the energy scale
. ∆0. We first discuss the limit of L→∞, where the two
SC regions have no wave-function overlap and are inde-
pendent. In this limit, chiral modes ηu(l) propagate along
the boundary between the upper (lower) SC region and
the gapped TI region (see the yellow lines in Fig. 1). The
chiral modes appear, since the SC regions are topologi-
cal while the gapped TI region is topologically trivial,
according to the bulk-edge correspondence. The chiral
propagating modes are described by the kinetic Hamil-
tonian of HL→∞ = −i~varc
∫W
−lu ηu(Xu)∂Xuηu(Xu)dXu +
i~varc
∫W
−ll ηl(Xl)∂Xlηl(Xl)dXl, where Xu(l) ∈ [−lu(l),W ]
is the coordinate along the boundary of the upper (lower)
SC region and varc is the propagativing velocity. The op-
erators ηu(l) of the chiral modes are written in terms of
the Nambu spinor Ψ(r) of the full Hamiltonian HDBdG as
ηa(Xa) =
∫
Ψ†(Xa, Ya)Φa(Xa, Ya)dYa at a point Xa=u,l
on the boundary, where Φa(Xa, Ya) is the wave func-
tion of the chiral mode and satisfies ΞΦa(Xa, Ya) =
Φa(Xa, Ya). Because of the particle-hole symmetry Ξ,
the chiral modes have the redundant degree of freedom
in creation and annihilation,
η†a(Xa) = ηa(Xa). (4)
The chiral modes satisfy the nontrivial boundary con-
dition of
ηa(x = W ) = −(−1)Maηa(x = −la), (5)
where Ma is the number of Abrikosov vortices in the
upper (lower) SC region of a = u (a = l). The con-
dition has the two sign factors (−1) and (−1)Ma . The
first sign factor (−1) originates from the Berry phase pi
due to the momentum-spin locking of the TI surface; the
chiral modes gain the Berry phase while they circulate
once along the boundary; as a result, the wave function
Φa(Xa, Ya) satisfies the anti-periodic boundary condition
in the absence of the Abrikosov vortices. The second fac-
tor (−1)Ma is due to the fact that each Abrikosov vortex
hosts a localized Majorana zero mode and results in pi
phase that the wave function Φa(Xa, Ya) gains while it
winds around the vortex.29,30
We next consider the short-junction regime of finite
L  ξ, where ξ ≡ ~vF /∆0 is the SC coherence length.
To obtain the effective Hamiltonian H, we project the
full Hamiltonian HDBdG onto the state space of the chi-
ral modes in the same spirit as in the envelope-function
theory.31 In this approach, the chiral modes are chosen
as the basis states. The two SC regions now have wave-
function overlap, hence, tunneling between the two chiral
modes ηu and ηl happens. As a result, the Hamiltonian
H is decomposed into the junction part HJ and the arc
part Harc as H = HJ +Harc,
Harc = −i~varc
∫ 0
−lu
ηu(Xu)∂Xuηu(Xu)dXu + i~varc
∫ 0
−ll
ηl(Xl)∂Xlηl(Xl)dXl (6)
HJ = −i~vJ
∫ W
0
ηu(x)∂xηu(x)dx+ i~vJ
∫ W
0
ηl(x)∂xηl(x)dx
−i
∫ W
0
ηu(x)m(x, ϕ0)ηl(x)dx+ i
∫ W
0
ηl(x)m(x, ϕ0)ηu(x)dx. (7)
The junction-part Hamiltonian HJ contains the term for
the coupling m(x, ϕ0) between the chiral modes in addi-
tion to the kinetic term. The coupling depends on the
position-dependent SC phase difference ∆ϕ across the
junction as
m(x, ϕ0) =
∆0
1 + L/ξ
cos
∆ϕ(x, ϕ0)
2
. (8)
The expression of the wave function Φa(Xa, Ya) of the
chiral modes in this short-junction regime is found in
Appendix A.
The propagating velocity vJ of the chiral modes inside
the junction is different from the velocity varc along the
SC arcs outside the junction. The difference can be un-
derstood from the following facts. The propagation inside
the junction occurs with the specular or retro Andreev
reflections between the two SC regions. By contrast, the
propagation along the arc is determined by skipping tra-
jectories due to the magnetic field. We derive the veloc-
4ities
varc
vF
=
6µ˜Γ
(
− µ˜24
)
Γ
(
1− µ˜24
)
− 6µ˜Γ
(
1
2 − µ˜
2
4
)2
(
µ˜2
(
ψ
(
− µ˜24
)
− ψ
(
1
2 − µ˜
2
4
))
− 2
)
D
,
vJ
vF
=
cos µL~vF +
∆0
µ sin
µL
~vF
1 + L/ξ
∆20
∆20 + µ
2
,
where µ˜ ≡ µlB/(~vF ), lB =
√
~/(eB) is the magnetic
length, Γ and ψ are the Gamma function and Digamma
function, respectively, and D ≡ Γ
(
− µ˜24
)
Γ
(
1
2 − µ˜
2
4
)
.
Depending on the chemical potential µ, varc can be much
larger (one or two order larger) than vJ.
In the case that the upper and lower SC regions have
the same arc length of lu = ll = l, we write the low-energy
effective Hamiltonian H in the simpler form of
H =
∫ W
−l
Γ>(x)H(x)Γ(x)dx, Γ>(x) ≡ (ηu(x), ηl(x)) ,
(9)
merging the coordinates x and Xa so that x extends
as x ∈ [−l,W ]. Here H(x) = [−i~vJ∂xσz]Θ(x) +
[−i~varc∂xσz +m(x, ϕ0)σy]Θ(−x) and Θ(x) is the Heav-
iside function. In the rest of paper, we use this form
of the low-energy effective Hamiltonian. Note that this
Hamiltonian in Eq. (9) was used in Ref.27.
We discuss the symmetries of the low-energy effective
Hamiltonian in Eq. (9). Inheriting the invariance of the
parent Hamiltonian HDBdG, H is particle hole symmet-
ric {H,K} = 0 and invariant under ϕ0 7→ ϕ0 + 2pi.
The invariance of H under ϕ0 7→ ϕ0 + 2pi is achieved,
as m(x, ϕ0 + 2pi) = −m(x, ϕ0), ηu → −ηu, and ηl → ηl.
B. Majorana zero modes of the system
The Hamiltonian in Eq. (9) has two different types of
Majorana zero modes, localized ones inside the junction
and extended ones along the arcs outside the junction,
in addition to the other midgap states. The localized
Majorana zero modes have been discussed in Refs.16. The
extended chiral Majorana zero mode arising due to the
finite-size SC regions found in Ref.27. We below discuss
when the Majorana zero modes occur.
The localized Majorana zero modes γk are expressed as
γk =
∫
Γ>(x)ψk(x)dx with the wave function ψk(x) lo-
calized around xk at which the sign of m(x, ϕ0) changes
8,
ψk(x) =
√
N
4WI0(2δ)
eδ cos
Npi
W (x−xk)
(
1
−(−1)k
)
. (10)
Here δ ≡ ( WpiNλM )2, λM =
√
~vJW/(piN∆0) is the local-
ization length of the zero mode, and I0(x) is the modified
Bessel function of the first kind. The localization center
is located at
xk =
W
N
(
2k − 1
2
+
ϕ0
2pi
)
+
W
2
, (11)
where 0 ≤ xk ≤ W and k’s are integers. The distance
between the adjacent localized Majorana zero modes is
W/N , and there are up to N localized Majorana zero
modes inside the junction.
The condition of the existence of the localized Majo-
rana zero modes is
δ =
(
W
piNλM
)2
 1, (12)
as
√
δ is the ratio of the mode separation to the localiza-
tion length. In this case of δ  1, we estimate the energy
splitting of the Majorana zero modes due to the overlap
of adjacent zero modes as | ∫ ψ>k (x)H(x)ψk+1(x)dx| ≈
∆0e
−pi2δ/4, which is indeed negligible at δ  1. Note
that the wave-function form of ψk(x) in the limit of δ  1
was found in Ref.17.
We emphasize that the localized Majorana zero modes
move in the junction when a DC voltage VDC bias is
applied across the junction. In this case, the localization
centers xk in Eq. (11) become time dependent according
to the Josephson relation in Eq. (3). This fact was used
in Ref.27, to move and braid Majorana fermions.
Next we discuss the condition when the extended chiral
Majorana zero mode propagating along the arcs occurs.
We derive the condition by using a scattering matrix for
the junction region. For example, the chiral mode of en-
ergy E approaches from the arc to the left end of the
junction. This mode is reflected to the chiral mode at
the left end with reflection amplitude rE or transmitted
to the chiral mode at the right end of the junction with
transmission amplitude tE . Similarly, the chiral mode
approaching from the arc to the right end of the junction
is reflected at the same end with reflection amplitude r′E
or transmitted to the opposite end with transmission am-
plitude t′E . These are described by the scattering matrix(
rE t
′
E
tE r
′
E
)(
A
B
)
E
=
(
C
D
)
E
, (13)
where A and B (C and D) are the wave function ampli-
tudes of the chiral mode incoming to (outgoing from) the
left and right ends of the junction, respectively.
The wave function amplitude C of the chiral mode out-
going from the left end of the junction is related with the
amplitude B of the chiral mode incoming to the right end
as
B = −CeiEll/(~varc)+ipiMl , (14)
since the outgoing mode becomes the incoming mode af-
ter propagation along the lower arc of length ll. The sign
factor −1 originates from the Berry phase of the chiral
mode ηl, El1/(~varc) is the dynamical phase gain, and
piMl counts the phase due to the vortices in the lower SC
(whose number is Ml) as in Eq. 5. Similarly, D and A
are related as
A = −DeiElu/(~varc)+ipiMu . (15)
5Combining Eq. (13), (14), and (15) and requiring
nonzero solutions of A and B, we find the quantization
condition for the chiral mode propagating along the arcs
at finite energy E → 0
rEr
′
Ee
iE(lu+ll)/(~varc)+ipi(Mu+Ml) = 1. (16)
Approximating m(x, ϕ0) as a linear function of x at x = 0
and x = W , we derive
rE =
Dν (z) + i
E
∆0
√
δ
2| sin ϕ02 |
Dν−1(z)
Dν(z)− i E∆0
√
δ
2| sin ϕ02 |
Dν−1(z)
(17)
r′E = −
Dν′ (z
′) + i E∆0
√
δ
2| sin ϕ02 |
Dν′−1(z′)
Dν′(z′)− i E∆0
√
δ
2| sin ϕ02 |
Dν′−1(z′)
(18)
where ν ≡ E2δ
2∆20| sin ϕ02 |
, z ≡
√
2δ√
| sin ϕ02 |
cos ϕ02 , ν
′ ≡
E2δ
2∆20| sin(piN−ϕ02 )|
, z ≡
√
2δ√
| sin(piN−ϕ02 )|
cos
(
piN − ϕ02
)
, and
Dν(z), Dν′(z
′) are the parabolic cylinder functions. We
find rE→0 = sgn[m(x = 0, ϕ0)] and r′E→0 = −sgn[m(x =
W,ϕ0)] when the localized Majorana zero modes of the
junction are spatially well-separated from the two ends
of the junction. We find that the analytic results of rE
and r′E are in good agreement with the numerical result
obtained without the approximation of m(x, ϕ0).
Using the analytic expressions of rE and r
′
E , we write
the quantization condition of the extended chiral mode
in Eq. (16) in a comprehensible form,
E(lu + ll)/(~varc) + pi + pi(MM +Mu +Ml) = 0, 2pi, · · · .
(19)
Here MM is the number of sign changes in m(x, ϕ0),
which equals to the number of localized Majorana zero
modes in the junction. This quantization condition shows
that at E → 0, the extended chiral Majorana zero mode
appears (disappears) along the arcs when the total num-
ber of localized Majorana zero modes in the Josephson
and at Abrikosov vortices is odd (even). This is in good
agreement with the fact that Majorana zero modes al-
ways come in pairs in electron systems. This is indeed
independent of the specific shapes of the SC regions. In
section VI, we exemplify the emergence of Majorana zero
modes in our setup for the various number of the local-
ized Majorana zero modes in the junction and the various
number of the Abrikosov vortices in the SC regions.
C. Short review of 2npi fractional AC Josephson
effect
In Ref.27, it was shown that the junction can have four
Majorana zero modes γk=1,2,3,4 when N = 3 and in the
absence of Abrikosov vortices (Mu = Ml = 0). When
a weak DC voltage bias VDC is applied across the junc-
tion, they move along the junction adiabatically. While
moving, the interchange of fusion partners of the four
Majorana zero modes happens, resulting in non-Abelian
state evolution and the 2npi fractional AC Josephson ef-
fect. In this section, we briefly review the mechanism of
the non-Abelian state evolution and the 2npi fractional
AC Josephson effect, since it is a background of this work.
The junction has the two lowest single-particle energy
levels. We focus on the four Majorana fermions γk=1,2,3,4
associated with the two energy levels. Figure 2 shows the
dependence of the spatial distribution of the Majorana
fermions γk=1,2,3,4 on the SC phase difference ϕ0 and
how the interchange of fusion partners of the four Ma-
jorana zero modes happens. At each ϕ0, the positions
of the localized Marajona fermions are shown in Fig. 2,
and they follow Eq. (11). The localization length is much
shorter than their separation. At ϕ0 = 0 and 2pi, the two
Majorana fermions, one at the left junction end and the
other at the right end, fuse along the arcs of the SC re-
gion. At ϕ0 = pi, three Majorana fermions of the four
are localized Majorana zero modes inside the junction,
while the other one is formed along the arcs as the ex-
tended chiral Majorana zero mode; the formation of the
extended mode follows Eq. (19). In this case, the four
Majorana zero modes form two-fold degenerated ground
states.
As ϕ0 is continuously increased by the DC voltage VDC,
the four Majorana fermions evolve, following the pan-
els of Fig. 2. Although the positions of the four Majo-
rana fermions are 2pi-periodic in ϕ0, the fusion partners
are different between ϕ0 = 0 and 2pi. At ϕ0 = 0, γ1
and γ4 fuse along the arcs. By contrast, γ3 and γ4 fuse
along the arcs at ϕ0 = 2pi. Namely the interchange of
the fusion partners happens as {(γ4, γ1), (γ3, γ2)}ϕ0=0 →
(γ4, γ3), (γ2, γ1)}ϕ0=2pi}. Similarly, the wave functions of
the Majorana fermions at ϕ0 = 0 are related with those
at ϕ0 = 2pi as
27
γi=1,2,3(ϕ0 = 2pi) = γi+1(0), γ4(2pi) = −γ1(0). (20)
As a result, the time-evolution of the two complex
fermion states defined by the four Majorana fermions af-
ter one conventional Josephson period TJ = h/(2eVDC)
(corresponding to the 2pi change of ϕ0) is described by
the unitary matrix U
U = Uφ′UBUφ =
1√
2
(
eiφ+ e−iφ−
eiφ− −e−iφ+
)
. (21)
Here, the matrix is written in the basis
{|041032〉0, |141132〉0} associated with fermion operators
f41 and f32, where fij = (γi(0) + iγj(0))/2 is formed
by two Majorana fermions γi and γj , f41|041032〉0 =
f32|041032〉0 = 0, and |141132〉0 = (f41)†(f32)†|041032〉0.
Note that only the even-parity basis states are discussed
here. The phases φ± are related with the dynamical
phase accumulated during the fusion and splitting of the
Majorana fermions.
As a result of the interchange of the fusion part-
ners of the four Majorana fermions, the 2npi fractional
AC Josephson effect occurs. The period-elongation fac-
tor n of the 2npi fractional effect is determined by φ+.
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FIG. 2. For N = 3 and Mu = Ml = 0, the spatial dependence of the coupling strength m(x, ϕ0) (top pannels) and the
probability density of Majorana fermions γk=1,2,3,4 (bottom panels) are shown for various ϕ0. When γk’s are Majorana zero
modes, their probability is shown in color (see the scale bar). When two of γk’s are fused, the probability is shown in grey.
The SC regions are represented in blue for a guide. Notice that the spatial distribution of the probability density is 2pi periodic
in ϕ0. The numerical results are obtained with ∆0 = 1 meV, vF = 5.0 × 105 m/s, vJ = 0.04vF , varc ∼ vF , W = 800 nm, and
lu = ll = 1.26µm.
The evolution matrix U in Eq. (21) rotates an initial
state such as |041032〉0 on the Bloch sphere for the
basis states {|041032〉0, |141132〉0} about the axis rˆ =
(cosφ− sin θ, sinφ− sin θ, cos θ) by the rotation angle Ω =
2 arccos
(
sinφ+√
2
)
, where θ = arctan 1cosφ+ . The evolu-
tion recovers its initial state after n-th rotations (after
nTJ) if Ω/n is an integer multiple of 2pi. Therefore, the
period of the Josephson junction is elongated into nTJ.
The period-elongation factor n is larger than 2, and can
be tuned by VDC, since φ+ ∝ 1/VDC. This is a unique
feature of the 2npi fractional AC Josephson effect, stem-
ming from the non-Abelian fusion rule.1,2 The contri-
bution IMF of the four Majorana fermions γk’s to the
Josephson current is nTJ periodic; the contribution from
the midgap states is 2pi periodic, as shown later in this
work.
We note that IMF(t) carries the information of the
state |Q(t)〉 = α(t)|041032〉0 + β(t)|141132〉0 formed by
the four Majorana fermions at time t. The basis
states |041032〉0 and |141132〉0 are the partners of the
particle-hole symmetry (Ξ|041032〉0 = |141132〉0) and con-
tribute to the supercurrent in the oppsite direction as
ΞJˆ(x)Ξ−1 = −Jˆ(x), where Jˆ(x) is the current den-
sity operator (see Appendex B). Therefore, IMF(t) ∝
|α(t)|2 − |β(t)|2; each charge-transfer event across the
junction occurs stochastically by |041032〉0 or |141132〉0
with probability |α|2 or |β|2, respectively, and IMF(t) ∝
|α(t)|2−|β(t)|2 is measured experimentally by taking av-
erage of those events during a sampling time.
Note that the time resolved detection of the Joseph-
son current requires the average of the current over a
sampling time window which is wide enough to collect
sufficient data but much shorter than the conventional
Josephson period TJ. It is possible to have a sufficiently
wide sampling window. We estimate a typical sampling
window as 0.03 ns during which a hundred of the charge-
transfer events can occur across the junction.32 This sam-
pling time window is much shorter than TJ which is typ-
ically a few nanoseconds.
We derive the contribution IMF to the Josephson cur-
rent from the four Majorana fermions γk=1,2,3,4. The con-
tribution is related with the energy EMF of the complex-
fermion state formed by the Majorana fermions,
IMF(t) =
1
VDC
dEMF
dt
. (22)
See Appendix B for derivation. The energy EMF can be
analytically derived, by using the effective Hamiltonian
Hint(t) = i
∑3
j=1Ej(t)γj+1(t)γj(t) + iE4(t)γ4(t)γ1(t) of
the four Majorana fermions, where the energy param-
eters Ej=1,2,3,4’s are evaluated from the overlap of the
wave functions of the Majorana fermions. The effective
Hamiltonian can be obtained27 from the Hamiltonian H,
by projecting H onto the space of the basis states. For
the initial state |041032〉0 and at φ+ = pi, IMF is obtained
as
IMF(t) =
eDδ
~
δ sin
pit
2TJ
sinh
(
δ cos
pit
2TJ
)
, n = 2. (23)
which is 2TJ-periodic. At φ+ = 5pi/4 and φ+ = 3pi/2,
IMF(t) is 3TJ-periodic and 4TJ-periodic, respectively, as
IMF(t)=

eD9δ/4
~ δ sin
pit
3TJ
sinh
(
9δ
4 cos
pit
3TJ
)
, n = 3,
eDδ
~ δ sin
pit
2TJ
cosh
(
δ cos pit2TJ
)
, n = 4.
(24)
Here Dδ =
√
N(~vJ)2/[2lWI0(2δ)] and Iζ=0 is the mod-
ified Bessel function of the first kind.
We expand Eq. (23) and (24) into sinusoidal functions
for later use. For the n = 2 case, Eq. (23) becomes
IMF(t) =
2eDδ
~
∞∑
p=1
2pIζ=2p(δ) sin
pωJt
2
, n = 2. (25)
where ωJ = 2pi/TJ. For the n = 3 and n = 4 cases,
7Eq. (24) becomes
IMF(t) =

2eD9δ/4
~
∞∑
p=1
2pI2p
(
9δ
4
)
sin pωJt3 , n = 3,
2eDδ
~
∞∑
p=1
p odd
pIp (δ) sin
pωJt
4 , n = 4.
(26)
The frequency component with p = 1 provides nTJ-
periodic current, while the higher harmonics with p ≥ 2
does nTJ/p-periodic current. Only several higher har-
monics components contribute to IMF(t) since I2p ∼
exp(−2p2/δ). We note that the 4TJ-periodic IMF(t) ex-
cludes the even harmonics, i.e., p = 1, 3, 5, · · · , since
IMF(t+ 2TJ) = −IMF(t) when n = 4 [see Eq. (24)]. This
feature is a generic feature of the n = 4 case; in this case,
U2 ∝
(
0 1
1 0
)
and U4 is proportional to the identity
matrix.
III. ROBUSTNESS OF THE 2npi FRACTIONAL
AC JOSEPHSON EFFECTS
As discussed in the above section II C, the non-Abelian
state evolution of the Josephson junciton in Fig. 1 and the
resulting 2npi fractional AC Josephson effects were found
in Ref.27, focusing on the states near the zero energy.
In this section, we discuss that the 2npi fractional AC
effects do not require fine tuning of the parameters and
that the 2npi effects can occur in the setup with realistic
parameters, taking the effect of the midgap states of the
junction into account.
The 2npi fractional AC Josephson effect is insensitive
to continuous deformation of the setup such as the shape
of the arcs and different arc-lengths of the SCs. It is
because the formation of the extended chiral Majorana
zero modes along the arcs is of topological origin; the
chiral modes occur along the boundary between the SC
regions (which is topological) and the gapped TI region
(which is topologically trivial).
The 2npi effect does not require the fine tuning of the
external magnetic field or the magnetic flux N through
the Josephson junction. In Ref.27, it was proposed to
apply N = 3 magnetic flux quanta to the junction, to
have the 2npi effect. We find that the 2npi effect can still
occur in the domain of N ∈ (2.6, 3.4). The domain is
estimated as follows. When the magnetic field becomes
weaker so that the magnetic flux deviates from N = 3
to N = 3 − δN , the separation between the localized
Majorana zero modes increase. To host three localized
Majorana zero modes inside the junction, the distance
from the zero modes to the junction ends should be longer
than the localization length of the zero modes. On the
other hand, when the magnetic field becomes stronger
so that the magnetic flux deviates from N = 3 to N =
3 + δN , the separation between the localized Majorana
zero modes decrease. In this case, the junction should
not host four localized Majorana zero modes at any time.
By using Eq. (11), the above conditions are fulfilled when
δN < λN2/W ∼ 0.4 with N = 3. Note that δN = 0.4
corresponds to ±17 mT, if the magnetic field is 130 mT
at N = 3.
Below we will show in Sec. III A that the 2npi effects
can occur in the setup with realistic parameters, tak-
ing the effect of the midgap states of the junction into
account. We will also show in Sec. III B that the 2npi
fractional AC effects do not require fine tuning of the
DC voltage VDC across the Josephson junction.
A. Contribution from the midgap states
The Josephson junction has the midgap states with
nonzero energy smaller than the superconducting gap ∆0
in addition to the Majorana zero modes. These midgap
states are topologically trivial and result in the 2pi peri-
odic contribution to the Josephson current. To observe
the 2npi fractional AC Josephson effects, the 2npi periodic
contribution from the Majorana zero modes has to be at
least comparable to the 2pi periodic contribution from the
midgap states. In this section, we will show that there
is a realistic parameter regime in which the 2npi contri-
bution is sufficiently large, in comparison with the 2pi
contribution, so that the 2npi fractional AC Josephson
effect can be observed.
We begin with the estimation of the 2npi contribution
ImaxMF by the Majorana zero modes to the Josephson cur-
rent. The amplitude of the 2npi contribution is approx-
imately ImaxMF ≈ 2e~ δEMFδϕ0 , where δEMF is the energy in-
crement by the fusion or splitting of the Majorana zero
modes discussed in Sec. II C. The fusion and splitting oc-
cur, at the junction ends, between a localized Majorana
zero mode inside the junction and the extended Majo-
rana zero mode along the arcs outside the junction. The
resulting maximum energy gain or loss is estimated as
δEMF ≈ ~varcpi/(lu + ll) which is essentially the half of
the level spacing of the extended chiral modes along the
arcs. The energy gain or loss occurs while the supercon-
ducting phase difference ϕ0 changes by δϕ0 ≈ NpiλM/W
with which the localized Majorana zero mode moves to a
junction end by its localization length λM [see Eq. (11)].
Consequently, the amplitude of the 2npi contribution is
estimated as
ImaxMF ≈
2evarcW
N(lu + ll)λM
. (27)
In a circular geometry, piW = (lu + ll). And varc ∼ vF
under typical parameters.33 Then,
ImaxMF ≈
2e∆0
~
ξ
NpiλM
, (28)
where ξ = ~vF /∆0 is used.
Next, we estimate the amplitude Imaxmid of the 2pi con-
tribution from the midgap states of nonzero energy. In-
side the junction, such midgap states occur at the same
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FIG. 3. Josephson current IJ (the sum of the contribu-
tion from the Majorana zero modes and that from the other
midgap states) as a function of time t for n = 2, 3, 4. φ+ and
the corresponding value of VDC are chosen as φ+ = pi and
VDC = 42µV in the left panel for n = 2, φ+ = 3pi/4 and
VDC = 56µV in the middle panel for n = 3, and φ+ = pi/2
and VDC = 84µV in the right panel for n = 4. |041032〉0 is
chosen as the initial state at t = 0. The other parameters
are chosen as in Fig. 2. The Josephson current exhibits 2npi
fractional AC Josephson effects.
positon with the localized Majorana zero modes. They
have a longer localization length λν ∼
√
νλM than the
zero modes, where ν = 1, 2, · · · . As the SC phase dif-
ference ϕ0 changes, the midgap states move. When they
move to the junction end and merge with the extended
midgap states propagating along the arcs, their energy
changes and contributes to the Josephson current. Sim-
ilarly to the case of the Majorana zero modes, the en-
ergy change is estimated as δEν ≈ 2~varcpi/(lu + ll),
and it occurs when the SC phase difference changes
by δϕν ≈ Npiλν/W = Npi
√
νλM/W . The level spac-
ing of the merged midgap states is approximately δEν ,
hence, the number of those states within the SC gap is
νmax ' ∆0/δEν . Combining the above facts, the ampli-
tude Imaxmid = (2e/~)
∑νmax
ν=1 δEν/δϕν of the 2pi contribu-
tion from the midgap states is estimated as
Imaxmid ≈
2e∆0
~
ξ
NpiλM
νmax∑
ν=1
1√
ν
<
2e∆0
~
ξ
NpiλM
× 2.8
(√
W
ξ
− 1
)
, (29)
where piW = (lu + ll) was used, considering the case of
the circular geometry, and a partial sum of a Riemann
zeta function was used to get the upper bound of the
estimation.
We compare the 2npi contribution ImaxMF and the up-
per bound of the 2pi contribution Imaxmid in Eqs. (28) and
(29) in the parameter regime of ξ ≤ W/N and N = 3.
This regime of ξ ≤W/N is chosen, because in this regime
the localized Majorana zero modes form nonlocal fermion
states robust against unwanted local processes such as
parity flip. When W = 3ξ, the 2npi contribution is suffi-
ciently large, ImaxMF ∼ 0.5Imaxmid , in comparison with the 2pi
contribution. We numerically compute the total Joseph-
son current in Fig. 3, which shows that the 2npi contribu-
tion is comparable to the 2pi contribution, ImaxMF ' Imaxmid .
This confirms that there is the realistic parameter regime
in which the 2npi contribution is sufficiently large so that
the 2npi fractional AC Josephson effect can be observed.
We note that the numerical computation is done, solv-
ing the time-dependent Schrodinger equation with the
effective Hamiltonian in Eq. (9)
B. VDC dependence of the 2npi AC Josephson
effects
In Ref.27, it was shown that the period-elongation fac-
tor n of the 2npi fractional AC Josephson effects can be
tuned by changing the DC voltage VDC across the Joseph-
son junction. In this section, we show that the 2npi effects
of a given value of n can occur in a range of VDC (not
only at a specfic value of VDC). Therefore the 2npi frac-
tional AC Josephson effects do not require fine tuning of
the DC voltage VDC across the junction.
In Fig. 4(a), we numerically compute the Josephson
current IJ(t) for different values of VDC, including the
contribution from the midgap states. The result shows
that IJ(t) smoothly changes with VDC. For example, at
the different values of VDC = 37, 38, 39µV, the period of
IJ(t) can be considered as 2TJ within a range of time. It
is because the evolution of the four Majorana fermions
γk’s (or the rotation axis rˆ and rotation angle Ω) changes
only slightly in a range ∆VDC of VDC (∆VDC will be
estimated below). Similarly, the period of IJ(t) is 3TJ
around VDC = 30µV and it is 4TJ around VDC = 25µV.
If we evaluate the period with an unrealistic perfect
accuracy of IJ(t) in the case of VDC = 37, 38, 39µV, the
exact period of IJ(t) can largely deviate from 2TJ. While
the exact period is 2TJ at 37µV, the period is 27TJ at
38µV and 69TJ at 39µV in Fig. 4(b). Similar phenomena
happen around VDC = 30µV and VDC = 25µV; note
that the exact periods of 3TJ and 4TJ occur at VDC =
30µV and VDC = 25µV, respectively. Accordingly, we
below show that the periodicity 2npi of the current can
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FIG. 4. (a) Colormap of the Josephson current IJ(t) as a
function of VDC, numerically computed with the parame-
ters suggested in the Fig. 2 and the initial state |041032〉0
at t = 0. The contribution from the midgap states is in-
cluded in IJ(t). Guiding red dashed lines are drawn at
VDC = 25, 26, 27, 30, 31, 32, 37, 38, 39µV. For these VDC’s,
IJ(t) is presented in (b). The period of IJ(t) is 2TJ, 3TJ,
and 4TJ in the top, middle, and bottom panels, respectively.
This shows that the 2npi effects of a given value of n can occur
in a range of VDC (not only at a specfic value of VDC).
9be defined with a small fraction of tolerance in IJ(t).
As shown that IJ(t) changes smoothly with VDC, we
quantify the smoothness and relate it to the observability
of the 2npi-periodic fractional AC Josephson effect. We
consider the voltage V
(n)
DC at which the Josephson current
is exactly nTJ periodic in time, and the current is denoted
by I
(n)
J (t). When the voltage is VDC = V
(n)
DC + ∆VDC, the
time dependence of the current changes to IJ(t). We
quantify the difference between I
(n)
J (t) and IJ(t) by
(t) = 1−
∣∣∣∣∣
∫ t
0
dt′IJ(t′)I
(n)
J (t
′)∫ t
0
dt′[I(n)J (t′)]2
∣∣∣∣∣ . (30)
We consider time t10% at which (t10%) = 0.1 (within
which we have 10% tolerance). We estimate it,
t10% =
pi
2φ
(n)
+
(
1 +
V
(n)
DC
|∆VDC|
)
TJ +O( V
(n)
DC
2
|∆VDC|2 ). (31)
φ
(n)
+ is the value of φ+ at V
(n)
DC . For example, when
the period is 2TJ, φ
(n=2)
+ = pi and t10% ∼ 5TJ at
|∆VDC| = 0.1V (n=2)DC , implying that the current IJ(t) is
almost identical to I
(2)
J (t) and hence can be considered
as 2TJ periodic within the time intervals of 5TJ. This
shows that a 4pi fractional AC Josephson effect can be
observed in the voltage interval of 33 - 41 µV around
V
(2)
DC = 37µV in the parameter regime of Fig. 4. Simi-
larly, when the period is 3TJ, φ
(3)
+ = 5pi/4 and t10% ∼ 5TJ
at |∆VDC| = 0.09V (3)DC , which shows that a 6pi fractional
AC Josephson effect can be observed in the interval of
27 - 33 µV around V
(3)
DC = 30µV. When the period is
4TJ, φ
(4)
+ = 3pi/2 and t10% ∼ 5TJ at |∆VDC| = 0.07V (4)DC ,
which shows that a 8pi fractional AC Josephson effect
can be observed in the interval of 23.2 - 26.8 µV around
V
(4)
DC = 25µV.
This demonstrates the possibility of observing our 2npi-
periodic fractional AC Josephson effect of at least small
n ≥ 2 in sufficiently wide windows of VDC, hence, the
possibility of observing that n changes with VDC. This
dependence of n on VDC allows us to distinguish our 2npi
fractional Josephson effect from the other fractional AC
Josephson effects in which n is independent of VDC.
IV. NON-COMMUTATIVITY OF MAJORANA
ZERO MODES IN THE JOSEPHSON JUNCTION
The 2npi fractional AC Josephson effect offers the sim-
plest way of observing the non-Abelian evolution of the
Josephson junction. Below, we provide another approach
based on the Josephson junction, which offers a more di-
rect way of observing the non-Abelian nature of the Ma-
jorana zero mode.
In this approach, the voltage VDC is time dependent.
Two constant values of the voltage, VDC,1 and VDC,2, are
applied alternately in two different ways “21” and “12”
(see top panels in Fig, 5). In “21”, we apply VDC,1 during
the first time interval of length TJ,1 = h/(2eVDC,1), VDC,2
during the second interval of length TJ,2 = h/(2eVDC,2),
VDC,1 during the third interval of length TJ,1, VDC,2 dur-
ing the fourth interval of length TJ,2, and so on. In “12”,
we apply VDC,2 during the first interval of length TJ,2,
VDC,1 during the second interval of length TJ,1, VDC,2
during the third interval of length TJ,2, VDC,1 during the
fourth interval of length TJ,1, and so on.
In the case “21”, an initial state |ψ〉 of the four Ma-
jorana fermions γk=1,2,3,4 at time t = 0 evolves into
U2U1|ψ〉 at time t = TJ,1 + TJ,2, and into (U2U1)m|ψ〉
at t = m(TJ,1 + TJ,2), where m is a positive integer and
Ui=1,2 is the evolution operator U for each time inter-
val of length TJ,i where the voltage VDC,i is applied. By
contrast, in the case “12”, the initial state evolves into
U1U2|ψ〉 at time t = TJ,1 + TJ,2, and into (U1U2)m|ψ〉 at
t = m(TJ,1 +TJ,2). The noncommutativity U2U1 6= U1U2
can be observed by comparing the Josephson current be-
tween the cases “21” and “12”.
This strategy is numerically demonstrated in Fig. 5. In
the figure, we compare the time dependence of the energy
of the state |ψ(t)〉 formed by the Majorana fermions and
the Josephson current between the two cases “21” and
“12”. In both the cases, the evolution of the state starts
from the same initial state 1√
2
(|041032〉0 + |141132〉0) at
time t = 0. In the case “21”, the state evolves as
1√
2
(|041032〉0 + |141132〉0) U2U17−→ |141132〉0 at t = TJ,1 + TJ,2,
U2U17−→ 1√
2
(|041032〉0 + i|141132〉0) at t = 2(TJ,1 + TJ,2),
U2U17−→ 1√
2
(|041032〉0 + |141132〉0) at t = 3(TJ,1 + TJ,2).
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FIG. 5. An approach of observing the non-commutativity of the operation U . The case “21” in (a) and the case ‘’12” (b)
are compared. For each case, the top panel shows the time dependence of VDC (time intervals of VDC,1 and those of VDC,2
are alternately applied as indicated by vertical dashed lines), and the second and third panels show the numerical calculation
results of the energy EMF(t) of the state formed by the four Majorana fermions γk=1,2,3,4 and the total Josephson current IJ(t)
(which includes the contribution from the midgap states). We use VDC,1 = 37µV, VDC,2 = 25µV, and the other parameters
suggested in Fig. 2. The same initial state 1√
2
(|041032〉0 + |141132〉0) is chosen at t = 0 in both of (a) and (b).
In the case “12”, the state evolves as
1√
2
(|041032〉0 + |141132〉0) U1U27−→ 1√
2
(|041032〉0 − i|141132〉0) at t = TJ,1 + TJ,2,
U1U27−→ |141132〉0 at t = 2(TJ,1 + TJ,2),
U1U27−→ 1√
2
(|041032〉0 + |141132〉0) at t = 3(TJ,1 + TJ,2).
As a result, the energy and the Josephson current are
different between the two cases “21” and “12” around
t = (TJ,1 + TJ,2). This offers a direct demonstration of
the noncommutativity of U2U1 6= U1U2.
V. SHAPIRO SPIKES AT LARGE AC VOLTAGE
BIAS
In Ref.27, it was shown that the 2npi fractional AC
Josephson effects can be detected by measuring Shapiro
spikes with applying an AC voltage
V (t) = VDC + VAC sin(ωt) (32)
of frequency ω across the junction, focusing on the weak
AC voltage regime of eVAC  min{2eVDC, ~ω}. In this
regime, the state evolution of the junction is affected
only weakly by VAC, and the main Shapiro spikes appear
when 2eVDC/(~ω) = n/p is satisfied with certain integers
p ≥ 1; other possible spikes (which we call sub-spikes) at
2eVDC/(~ω) = nq/p with q = 2, 3, · · · are negligibly small
at eVAC  ~ω. A spike appears at 2eVDC/(~ω) = n/p
when the p-th harmonics of the nTJ-periodic supercur-
rent exists in the DC limit of VAC = 0, showing a sig-
nature of the 2npi fractional AC Josephson effect. The
Shapiro spikes can be well distinguished from the conven-
tional case in which the main Shapiro spikes appear at
2eVDC/(~ω) = 1/p, since the spike positions n/p (or the
period-elongation factor n) depend on VDC in the 2pin
fractional AC Josephson effect.
In this section, we study the Shapiro spikes of the 2npi
fractional AC Josephson effect in the regime of the large
AC voltage bias eVAC ∼ ~ω . 2eVDC. In this regime, the
sub-spikes of q = 2, 3, · · · become non-negligible so that
the Shapiro spikes have a richer structure, revealing the
dynamics of the fractional 2npi AC Josephson effects. It
is possible to experimentally explore this regime.
Below we derive the contribution of the Majorana zero
modes to the Josephson current in the presence of VAC in
Sec. V A. The derivation is necessary in the regime of the
large AC voltage bias eVAC ∼ ~ω . 2eVDC, to find the
positions of the sub-spikes of q = 2, 3, · · · ; the positions
of the main Shapiro spikes are easily expected in the op-
posite regime of a lower AC voltage bias. In Sec. V B, we
compare the sub-spikes of the 2npi fractional AC Joseph-
son effects with those of the conventional 2pi supercurrent
at large AC voltage bias. We also discuss the contribu-
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tion of the midgap states to the Shapiro spikes.
A. Shapiro spikes by Majorana zero modes
We derive the contribution of the Majorana zero modes
to the Josephson current when the AC voltage bias
V (t) = VDC + VAC sin(ωt) is applied across the junction.
The AC voltage results in the time dependence of the SC
phase difference ϕ0 as ϕ0(t) = ωJt + (ω/ω) sinωt + φ0,
where ωJ ≡ 2pi/TJ and ω ≡ 2eVAC/~.
We first consider the case of n = 2 (the 2TJ-periodic
fractional Jospheson effect). In the limit of VAC = 0, the
supercurrent IMF(t) contributed by the Majorana zero
modes is derived in Eq. (25). Replacing the terms 2pit/TJ
in Eq. (25) with the above expression of ϕ0(t), we obtain
the supercurrent IMF(t) at nonzero VAC,
I
(n=2)
MF (t) =
4eDδ
~
∞∑
p=1
pI2p(δ)
{
J0
(
pω
2ω
)
sin
(
pωJt
2
+ φ0
)
(−1)s
∞∑
q=1
∑
s=±1
Jq
(
pω
2ω
)
sin
[
φ0 +
(pωJ
2
+ sqω
)
t
]}
,
where Jq is the Bessel function of the first kind. Only
when the driving frequency of ω satisfies ω = ±pωJ2q , the
non-zero DC component arises with the intensities pro-
portional to pI2p(δ)Jq(pω/(2ω)). In the regime of the
weak AC voltage regime of eVAC  min{2eVDC, ~ω},
the results of the previous study27 are reproduced: The
main Shaprio spikes appear at ωJ/ω = ±2/p and the
other spikes are negligible; the asymptotic form Jq(x) ∼
xq/(2qq!) at x . 1 was used.
Similarly, we obtain the supercurrent IMF(t) at
nonzero VAC in the case of n = 3 (the 3TJ-periodic frac-
tional Jospheson effect),
I
(n=3)
MF (t)=
4eD 9δ
4
~
∞∑
p=1
pI2p
(
9δ
4
){
J0
(
pω
3ω
)
sin
(
pωJt
3
+ φ0
)
(−1)s
∞∑
q=1
∑
s=±1
Jq
(
pω
3ω
)
sin
[
φ0 +
(pωJ
3
+ sqω
)
t
]}
,
and the case of n = 4 (the 4TJ-periodic fractional Josph-
eson effect),
I
(n=4)
MF (t) =
2eDδ
~
∞∑
p=1
p odd
pIp(δ)
{
J0
(
pω
4ω
)
sin
(
pωJt
4
+ φ0
)
(−1)s
∞∑
q=1
∑
s=±1
Jq
(
pω
4ω
)
sin
[
φ0 +
(pωJ
4
+ sqω
)
t
]}
.
The results of the previous study27 are also reproduced
in the regime of the weak AC voltage regime of eVAC 
min{2eVDC, ~ω}.
B. Shapiro sub-spikes at large VAC
We compare the sub-spikes of the 2npi fractional
AC Josephson effeects with those of the conventional
2pi supercurrent at large AC voltage bias. From the
above expressions of I
(n)
MF(t), we obtain the height of the
Shapiro spikes (generated by the Majorana zero modes)
at ωJ/ω = ±nq/p in the 2npi fractional AC Josephson
effect,
IDC ∝

∞∑
p=1
pI2p
(
n2δ
4
)
Jq
(
p
n
2eVAC
~ω
)
, n = 2, 3,
∞∑
p=1
p odd
pIp (δ) Jq
(
p
n
2eVAC
~ω
)
, n = 4.
(33)
The spike height corresponds to the size of Shapiro
steps.34
At low eVAC  min{2eVDC, ~ω}, the Shapiro spikes
of the 2npi fractional AC Josephson effect appear at the
positions ωJ/ω different from those of the conventional
2pi Josephson effect. As mentioned above, the spikes of
q = 1 called the main spikes, as they appear at the low-
VAC regime. And, the other spikes of q 6= 1 is called sub-
spikes as they are negligible at the regime. The main
spikes appear at ωJ/ω = ±n/p with p = 1, 2, 3 · · · for
n = 2, 3 and p = 1, 3, 5, · · · for n = 4 in the 2npi frac-
tional Josephson effect. We notice that the main spikes
appear not at every integer value of ωJ/ω; namely, there
are missing Shapiro spikes as in the known 4pi fractional
Josephson effect.23–26 By contrast, the main spikes ap-
pear only at ωJ/ω = ±1 in the conventional 2pi Joseph-
son effect. Therefore, the 2npi fractional AC Josephson
effect can be well distinguished from the conventional 2pi
Josephson effect by observing Shapiro spikes as pointed
out in Ref.27.
We point out that the dependence of the missing com-
ponents on VDC cannot be reproduced by other acciden-
tal artefacts35–37; the known 4pi fractional Josephson ef-
fect23–26 can be reproduced by such artefacts. It is be-
cause the 2npi fractional AC Josephson effect originates
from the non-Abelian state evolution. The non-Abelian
effect of the Majorana zero modes is well distinguished
from the artefacts.
On the other hand, as VAC increases, sub-spikes (in-
cluding the missing Shapiro spikes) become pronounced.
The sub-spikes are still distinguishable from the main
spikes even at high eVAC ∼ ~ω. From Eq. (33), we find
log IDC ∝ const. + q log VAC, (34)
using the asymptotic formula of Jq(x) ∼ xq/(2qq!) at
x . 1. This shows that the height IDC of the main
spikes, which have q = 1, linearly increases with VAC.
The value of q can be obtained from the log-log plot of
the height versus VAC (see Fig. 6). This property is useful
for distinguishing between the main spikes and sub-spikes
at large VAC (hence, useful for distinguishing between the
2npi fractional AC Josephson effect and the conventional
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FIG. 6. Numerical calculations of the height IDC of the Shaprio spikes (generated by the Majorana zero modes) arising at
ωJ/ω = 1, 2, 3, 4 when the AC voltage bias V (t) = VDC +VAC sin(ωt) is applied. The cases of (a) the conventional 2pi Josephson
effect, (b) the 2TJ-periodic fractional AC Josephson effect, (c) the 3TJ-periodic fractional effect, (d) the 4TJ-periodic fractional
effect are shown. The lower panels (e)-(h) show the log-log plot of the panels (a)-(d), respectively. At low VAC only the
main spikes appear (the sub-spikes are negligilble), while the sub-spikes are also shown at high VAC. Among ωJ/ω = 1, 2, 3, 4,
the positions of the main spikes are ωJ/ω = 1 in the conventional case (a), ωJ/ω = 1, 2 in the 2TJ-periodic fractional effect
(b), ωJ/ω = 1, 3 in the 3TJ-periodic fractional effect (c), and ωJ/ω = 4 in the 3TJ-periodic fractional effect (d); the other
values of ωJ/ω are sub-spike positions. The main spikes linearly increase with VAC, as shown in the log-log plots, while the
sub-spikes do not. This property is useful for distinguishing between the main spikes and sub-spikes at large VAC, hence, useful
for distinguishing between the 2npi fractional AC Josephson effect and the conventional 2pi Josephson effect. The parameters
suggested in Fig. 2 are used for the calculations.
2pi Josephson effect) in the experimental situation where
the low-VAC regime is not achievable.
The analytic expression of the spike height in Eq. (33)
is in good agreement with the numerical result obtained
by solving the Hamiltonain H in Eq. (9). The numerical
result is shown in Fig. 6(b)-(d) for n = 2, 3, 4 cases.
We discuss the contribution of the midgap states to
the height of the Shapiro spikes. Since the midgap
states result in the 2pi periodic supercurrent, they do not
modify the Shapiro spikes at ωJ/ω > 1 in the low-VAC
regime; the midgap states affect the Shapiro spikes only
at ωJ/ω = 1/p with p = 1, 2, · · · . Similarly, the midgap
states do not modify the main spikes except the trivial
main spike at ωJ/ω = 1 in the high-VAC regime. There-
fore, the characteristic features of the 2npi fractional AC
Josephson effect are maintained even in the presence of
the midgap states.
VI. JOSEPHSON JUNCTION WITH N 6= 3 OR
WITH ABRIKOSOV VORTICES
In Ref.27, the 2npi fractional AC Josephson effect was
predicted, focusing on the case that N = 3 magnetic
flux quanta is applied to the junction and that there is
no Abrikosov vortex inside the SC regions. In this case,
the fusion and braiding of four Majorana zero modes can
happen as discussed in Sec. II C. Below, we study the
evolution of Majorana zero modes as a function of the
superconducting phase difference across the junction in
the case of N = 1, 2, 4 (in the absence of Abrikosov vor-
tices) in Sec. VI A, generalizing the case of N = 3. We
find an even-odd effect of N . For odd N , the fusion
of Majorana zero modes happens, resulting in nonzero
Josephson current IMF. For even N , no fusion appears
and the junction does not exhibit any Josephson current
as in the case of the conventional Josephson junction with
an integer number of magnetic flux quanta (i.e., at the
nodes of the conventional Fraunhofer pattern34). In the
case of N = 4, braiding of four Majorana zero modes can
happen, although it is not accompanied by fusions.
In Sec. VI B, we also study the effects of the Abirokosov
vortices on the 2npi fractional AC Josephson effect in the
case of N = 2, 3. We find that a modified 2npi fractional
Josephson effect occurs with any number of Abrikosov
vortices, if a suitable N is chosen.
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A. Josephson junction in the case of N = 1, 2, 4
We first consider the case of N = 1 and N = 2 in the
absence of Abrikosov vortices. The emergence of Majo-
rana fermions is found in Fig. 7, by numerically diagonal-
izing H in Eq. (9). At ϕ0 = pi, there appear one localized
Majorana zero mode at the center of the junction and an
extended chiral Majorana zero mode propagating along
the arcs in both the cases of N = 1 and N = 2. The pres-
ence of the extended chiral Majorana zero mode satisfies
the quantization rule in Eq. (19).
The evolution of the two Majorana fermions, as a func-
tion of the superconducting phase difference ϕ0 across
the junction, depends on whether N is 1 or 2. As ϕ0
increases, the localized Majorana zero mode moves to-
wards the right end of the junction. In the N = 1 case,
there are still one localized Majorana zero modes inside
the junction and the extended chiral Majorana zero mode
along the arcs at ϕ0 = 3pi/2. By contrast, in the N = 2
case, there are two localized Majorana zero modes inside
the junction at ϕ0 = 3pi/2; the extended chiral Majorana
zero mode at ϕ = pi now moves fully inside the junction;
there is no extended chiral Majorana zero mode any more
at ϕ0 = 3pi/2 in this case of N = 2. The difference be-
tween N = 1 and N = 2 can be understood from the fact
that the separation W/N between two adjacent localized
Majorana fermions is shorter for N = 2 as in Eq. (11);
namely, the junction can host two localized Majorana
zero modes at certain ϕ0 for N = 2, while it can host at
most one localized Majorana zero modes for N = 1.
In the N = 1 case, the localized zero mode approaches
sufficiently close to the junction end at larger ϕ0, and
there occurs fusion between the localized Majorana zero
mode and the extended chiral Majorana zero mode [see
the case of ϕ0 = 2pi in Fig. 7(b)]. The fusion (or the
collison between the localized zero mode in the junction
and the extended zero mode along the arcs) must occur
in a certain range of ϕ0, since the localized Majorana
zero mode moves by the distance that equals the junc-
tion width W while ϕ0 changes by 2pi. The fusion results
in non-zero single-particle energies as shown in Fig. 7(a),
and generates nonzero Josephson current, contrary to the
conventional Josephson junction at N = 1 magnetic flux
quantum. As ϕ0 increases further, the two Majorana
fermions split into one localized Majorana zero mode in-
side the junction and the other extended chiral Majorana
zero mode along the arc [see the case of ϕ0 = pi/2 in
Fig. 7(b)].
On the other hand, theN = 2 case does not exhibit any
fusion, since the two Majorana zero modes are spatially
well separated at any ϕ0 [see Fig. 7(d)]. As a result, the
junction has the zero-energy single-particle state at any
ϕ0 [see Fig. 7(c)], and no Josephson current, similarly to
the conventional Josephson junction at N = 2 magnetic
flux quanta. Note that our numerical computation of the
Josephson current (including the midgap states) confirms
this.
The features of the N = 1 and N = 2 cases are gener-
alized to general N , showing an even-odd behavior: For
odd N , fusion between a localized Majorana zero mode
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FIG. 8. (a) Numerical results of single-particle energy levels of the setup in the N = 4 case, as a function of ϕ0. In this case,
the junction hosts four Majorana zero modes and does not show fusion between the zero modes at any ϕ0. As a result, there
are always two-fold degenerate zero-energy states at any ϕ0. (b) The spatial probability density of Majorana fermions is drawn
at various ϕ0 as in Fig. 2. The results of this figure are obtained with the parameters used in Fig. 2.
inside the junction and the extended chiral Majorana zero
mode along the arcs occurs in a range of ϕ0, while for even
N no fusion occurs at any ϕ0. This can be understood as
follows. According to Eq. (11), the number of localized
Majorana zero modes inside the junction for a given ϕ0
and a given (even or odd) N equals the number of the
integers k satisfying
−N + 1
2
− ϕ0
2pi
< k <
N + 1
2
− ϕ0
2pi
. (35)
For oddN and at ϕ0 = pi, there areN localized Majorana
zero modes inside the junction and one extended chiral
Majorana zero mode along the arcs. The total number of
Majorana zero modes is N + 1 which is even. For odd N
and at ϕ0 = 2pi (or 0), there are N−1 localized Majorana
zero modes inside the junction, while there is no extended
chiral Majorana zero mode along the arcs. The total
number N −1 of Majorana zero modes at ϕ0 = 2pi (or 0)
is even, and smaller than the number N + 1 of Majorana
zero modes at ϕ0 = pi by two. The difference of the total
number is due to the fusion. The fusion results in the
change of the energy of a complex fermion formed by the
two fused Majorana fermions as a function of ϕ0, hence,
generates nonzero Josephson current.
On the other hand, for even N and at ϕ0 = pi, there are
N − 1 localized Majorana zero modes inside the junction
and one extended chiral Majorana zero mode along the
arcs. The total number of Majorana zero modes is N
which is even. For even N and at ϕ0 = 2pi, there are N
localized Majorana zero modes inside the junction, while
there is no extended chiral Majorana zero mode along the
arcs. The total number of Majorana zero modes is always
N (and there is no fusion and no Josephson current) at
any ϕ0 for even N .
We point out that there is no non-Abelian evolution of
the state of the junction in the cases of N = 1, 2, since
there are at most two Majorana zero modes in the system.
For N ≥ 3, non-Abelian effects can happen. The case of
N = 3 was studied in Ref.27. We below show that the
junction with N = 4 exhibits non-Abelian state evolution
although there occurs no fusion between Majorana zero
modes. In the N = 4 case, we plot the numerical results
of the single-particle energy spectrum of the junction and
the probability density of Majorana zero modes in Fig. 8.
The junction has four Majorana zero modes at any ϕ0.
We find that as ϕ0 changes by 2pi, the four Majorana zero
modes are braided, following γi=1,2,3 7→ γi+1 and γ4 7→
−γ1 (here we use the notation for the four Majorana
fermions used in Sec. II C). This braiding operation is
identical to the case of N = 3 [see Eq. (20)], but there
is the crucial difference from N = 3 that the braiding is
not accompanied by any fusion between the zero modes
in this case of N = 4. The braiding results in the state
rotation in the ground-state manifold,
|041032〉0 7→ 1√
2
(|041032〉0 + |141132〉0), (36)
when the four Majorana zero modes form an initial state
|041032〉0. No dynamical phase is attached, since the four
Majorana fermions remain as zero modes at any ϕ0. The
state evolution is different from the N = 3 case shown in
Eq. (21).
The braiding of the four Majorana fermions in the
N = 4 case cannot be detected by the Josephson cur-
rent, differently from the N = 3 case, since no Joseph-
son current arises. We sketch a scheme for detecting the
braiding. The scheme is composed of three steps. As the
first step, an initial state |041032〉0 is prepared, by adi-
abatically turning the magnetic field on from N = 0 to
N = 4. In this process, the four Majorana zero modes
γi=1,2,3,4 are nucleated. In the second step, the Majorana
zero modes are braided by applying the DC voltage bias
VDC during the time period of TJ = h/(2eVDC) for which
ϕ0 changes by 2pi. The braiding results in the state ro-
tation in Eq. (36). In the last step, the magnetic field is
adiabatically decreased from N = 4 to N = 2. Then the
separation between the localized Majorana zero modes
inside the junction increases from W/4 to W/2. As a re-
sult, two of the four Majorana fermions moves to the arcs
of the junction and fuse. The fusion can genereate addi-
tional contribution to the Josephson current across the
junction (in comparison with the case where the DC volt-
age bias is not applied) as the magnetic field decreases to
N = 2. The additional contribution might be an evidence
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FIG. 9. (a-c) Different combinations of the parities of the number Mu and Ml of Abrikosov vortices in the SC regions. The red
dots represent the Abrikosov vortices, and the red dashed lines show their branch cuts. The red crosses refer to the positions
where the wave function of the chiral mode ηa=u,l changes its sign. The combination of even Mu and odd Mu, which is not
shown here, generates the same effect with the combination in (c). (d,c) The spatial probability density of Majorana fermions
are drawn at ϕ0 = 0, pi/2, pi, 3pi/2, 2pi (from the left panels) for (d) N = 3 and odd Mu +Ml and (e) N = 2 and odd Mu +Ml as
in Fig. 7 with the same parameters. In the case of N = 3, fusion of Majorana zero modes happens as ϕ0 changes, while there
is no fusion in the N = 2 case.
of the non-Abelian state evolution, and be detected by
comparing the magnetic-field dependence of the Joseph-
son current between the two cases with and without the
application of the DC voltage bias.
B. Effects of the Abrikosov vortices on the 2npi
fractional AC Josephson effect
We consider the effect of Abrikosov vortices on the
emergence of Majorana zero modes in the junction and
on the 2npi fractional Josephson effect. The effect dif-
fers among the three cases of (i) even Mu and even Ml,
(ii) odd Mu and odd Ml, and (iii) odd Mu and even Ml
(equivalently, even Mu and odd Ml) [see Fig. 9(a)-(c)],
where Mu and Ml are the number of Abrikosov vortices
in the upper and lower SC regions, respectively. We find
that the 2npi fractional AC Josephson effect occurs with
proper N in the presence of the Abrikosov vortices; the
three cases (i)-(iii) have the different value of the proper
N .
First, we consider the N = 3 case and discuss how
the Majorana zero modes in Abrikosov vortices affect
the emergence of Majorana zero modes in the junction
and arcs. When Mu +Ml is even [see Fig. 9(a)-(b)], the
emergence of the Majorana zero modes and their fusion
are identical to the case of N = 3 and Mu = Ml = 0
in the absence of the Abrikosov vortices. This can be
understood from the quantization rule in Eq. (19).
However, when Mu +Ml is odd [see Fig. 9(c)], the total
number of the Majorana zero modes (the localized zero
modes inside the junction and the extended zero mode
along the arcs) changes to be odd [see Fig. 9(d)]. When
there are three localized Majorana zero modes inside the
junction (for example at ϕ0 = pi), no extended zero mode
appears along the arcs, contrary to the N = 3 case in the
absence of the Abrikosov vortices. When there are two
localized Majorana zero modes inside the junction (at
ϕ0 = 2pi), there appears the extended chiral Majorana
zero mode along the arcs. The absence and appearance
of the extended chiral zero mode is opposite to the case
in the absence of the Abrikosov vortices. As a result, no
fusion happens in this case of N = 3 and odd Mu +Ml.
The above finding is generalized to other N ’s. The
even-odd behavior found in Sec. VI A occurs in the same
way, when Mu + Ml is even. However, when Mu + Ml
is odd, the behavior interchanges between even and odd
N : In the case of even N , fusion between a localized
Majorana zero mode inside the junction and the extended
chiral Majorana zero mode appears in a range of ϕ0, while
fusion does not occur at any ϕ0 in the case of odd N . In
Fig. 9(d) and (e), we provide the numerical result of the
emergence of Majorana zero modes at N = 3 and N = 2
when Mu +Ml = 1.
Next, we discuss the time evolution of the junction
under the voltage bias VDC across the junction and the
resulting AC Josephson effect in each case of Mu and
Ml. In the case that both of Mu and Ml are even [see
Fig. 9(a)], the 2npi fractional AC Josephson effect shows
the same behaviour as in the case without Abrikosov vor-
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tices (Mu = Ml = 0), since this case has the same bound-
ary condition of ηa(x) in Eq. (5); the Josephson current
is nTJ-periodic with the period-elongation factor n ≥ 2
determined by the DC voltage VDC.
When both Mu and Ml are odd [see Fig. 9(b)], the
boundary condition becomes ηa(x = W ) = ηa(x = −l).
Then, Majorana fermions evolves as γi=1,2,3 7→ γi+1 and
γ4 7→ γ1 [cf. Eq. (20)], since each of them passes the
even number of branch cuts during time TJ = h/(2eVDC).
Meanwhile, the wave functions of Majorana zero modes
ψa=u,l hosted in the Abrikosov vortices in the upper
(a = u) and lower (a = l) SCs evolve, during TJ, into
ψu(TJ) = −ψu(0) and ψl(TJ) = ψl(0), respectively, in a
gauge choice, where the relative sign factor −1 originates
from the SC phase evolution by VDC. In this case, the
time-evolution operator U has a different form from the
case of Mu = Ml = 0 as
U =
1√
2

0 0 eiφ− −e−iφ+ 0 0 0 0
0 0 eiφ+ e−iφ− 0 0 0 0
ie−iφ− ieiφ+ 0 0 0 0 0 0
ie−iφ+ −ieiφ− 0 0 0 0 0 0
0 0 0 0 0 0 eiφ− −e−iφ+
0 0 0 0 0 0 eiφ+ e−iφ−
0 0 0 0 ie−iφ− ieiφ+ 0 0
0 0 0 0 ie−iφ+ −ieiφ− 0 0

(37)
in basis {|011〉, |101〉, |000〉, |110〉, |010〉, |100〉, |001〉, |111〉}.
Here, |n41n32nvor〉 ≡ (f†41)n41(f†32)n32 |041032nvor〉, where
nvor = 0, 1 denote the even and odd fermion parity
defined by the vortices in the SCs, respectively (see
the notation below Eq. (21)). Although the time
evolution operator conserves the total fermion parity
(−1)n41+n32+nvor during TJ, the fermion parity of two
complex fermions f41 and f32, which generate the
Josephson current, changes in time. It is because the
fermion parity of the complex fermions formed by the
vortices in the SCs changes during TJ; when both of
Mu and Ml are odd, there always exists an odd number
of the complex fermions in the SCs, one of which is
formed by one vortex in the upper SC and another in
the lower SC. As a result, a modified 2npi fractional AC
Josephson effect appears: The period-elongation factor
of the Josephson current is an even integer n ≥ 2; an
odd integer period is not allowed. This can be shown by
using Eq. (37).
When Mu +Ml is odd [see Fig. 9(c)], there appears no
Josephson current [see Fig. 9(d)] in the case of N = 3. It
is enough to discuss the case that Mu is odd and Ml is
even. In this case, there are four Majorana zero modes
in one of the two configurations, (1) two localized Majo-
rana zero modes inside the junction, one in the upper SC,
and the other extending along the SC arcs, and (2) three
localized Majorana zero modes inside the junction and
the other in the upper SC. The two configurations alter-
natively occur in time without any fusion between Ma-
jorana zero modes. The period of the complex fermion
states formed by the Majorana zero modes can be nTJ
with an integer n ≥ 2. However, the Josephson current
does not occur since there is no fusion between the Ma-
jorana zero modes.
In the case of odd Mu + Ml, one can still see a frac-
tional AC Josephson effect by reducing the magnetic field
to have N = 2 [see Fig. 9(e)]. Again, it is enough to dis-
cuss the case that Mu is odd and Ml is even. In this
case, there are four Majorana fermions in one of the two
configurations, (1’) two localized Majorana zero modes
inside the junction, one in the upper SC, and the other
extending along the SC arcs, (2’) one localized Majorana
zero mode inside the junction, one in the upper SC, the
other fused two Majorana fermions. The two configura-
tions alternatively occur in time with fusions of Majo-
rana zero modes, resulting in interchanges of fusion pairs
of the Majorana zero modes. The time-evolution opera-
tor during one conventional Josephson period TJ has the
form of
U =
1√
2

eiφ+ −e−iφ− 0 0
−ieiφ− −ie−iφ+ 0 0
0 0 −ie−φ+ ieiφ−
0 0 e−iφ− eiφ+
 (38)
in the basis {|00〉, |11〉, |01〉, |10〉} of the complex fermions
formed by the four Majoranas fermions. The Josephson
current period can be nTJ with the period-elongation fac-
tor which is an integer n ≥ 2.
VII. SUMMARY
We have studied the Josephson junction that can
host localized Majorana zero modes inside the junction
and the extended chiral Majorana zero modes along the
boundary of the SC regions outside the junction. We
have shown that the 2npi fractional AC Josephson effects
occur in a realistic and experimentally feasible situations.
Additionally, we have suggested an approach revealing
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the non-commutativity of the operations that braid the
Majorana fermions of the junction.
Superposition of the basis states |041032〉 and |141132〉
formed by the four Majorana fermions constitutes a
single-qubit state. The braiding operation of the four
Majorana fermions can be considered as a rotation oper-
ation of the single qubit. It will be interesting to extend
our finding to multi-qubit states and multi-qubit opera-
tions by considering the case of N ≥ 7 or in systems hav-
ing multiple Josephson junctions formed by finite SCs.
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APPENDIX A: EXPRESSIONS OF Φa(Xa, Ya)
The wave function Φa(Xa, Ya) of the chiral mode ηa
along the arcs of the SC regions (see Sec. II A) is written,
up to normalization, as
Φa(Xa, Ya) = e
− Y
2
a
2l2
B

saµ˜Hµ˜2/2−1
(
− saYalB
)
e−iθ/2
Hµ˜2/2
(
− saYalB
)
eiθ/2
Hµ˜2/2
(
− saYalB
)
e−iθ/2
−saµ˜Hµ˜2/2−1
(
− saYalB
)
eiθ/2
 , saYa < 0 (39)
Φa(Xa, Ya) = e
− 1~vF
∫ |Ya|
0 ∆0(Y
′
a)dY
′
a
Aa

cos
(
µYa
~vF
)
e−iθ/2
− sin
(
µYa
~vF
)
eiθ/2
− sin
(
µYa
~vF
)
e−iθ/2
− cos
(
µYa
~vF
)
eiθ/2
+Ba

sin
(
µYa
~vF
)
e−iθ/2
cos
(
µYa
~vF
)
eiθ/2
cos
(
µYa
~vF
)
e−iθ/2
− sin
(
µYa
~vF
)
eiθ/2

 , saYa > 0, (40)
where su = 1, sl = −1, µ˜ ≡ µlB/(~vF ), lB =
√
~/(eB) is
the magnetic length, and θ is an angle defined in Fig. 1.
The coefficients Aa = saµ˜Hµ˜2/2−1(0) and Ba = Hµ˜2/2(0)
are determined by matching wave functions at Ya = 0
along the arcs of the SC regions. Inside the junction,
the wave functions of the chiral modes can be written as
ηa(x) =
∫
Ψ†(x, y)Φa(x, y)dy at position x,
Φa(x, y) =
e−|y|/ξ
2
√
ξ

sa cos
µy
~vF + sin
µy
~vF−sa sin µy~vF + cos
µy
~vF−sa sin µy~vF + cos
µy
~vF−sa cos µy~vF − sin
µy
~vF
 . (41)
APPENDIX B: DERIVATION OF IMF
We derive the relation of IMF = (1/VDC)dEMF/dt used
in Sec. II C. The contribution IMF of the four Majo-
rana fermions to the Josephson current is obtained as
IMF ≡
∫W
0
dx〈Jˆ(x)〉, where Jˆ(x) ≡ s e∆0~ Γ>(x)σyΓ(x)
is the Josephson-current density operator in the ba-
sis space of the chiral Majorana modes (ηu, ηl), s =
sgn[sin(Npix/W − eVDCt/~)], and the expectation value
〈· · · 〉 is obtained with the states formed by the Majorana
fermions. The matrix element of Jˆ(x) is derived as
evF
(
ζ†u(x)syζu(x) ζ
†
u(x)syζl(x)
ζ†l (x)syζu(x) ζ
†
l (x)syζl(x)
)
,
where ζu,l(x) ≡ Φu,l(x, y = 0) and sy is the y-component
of the Pauli matrices for electron spins.
Next, 1VDC
dEMF
dt is evaluated with the state |Q(t)〉 of
the two complex fermions formed by the four Majorana
fermions γk=1,2,3,4,
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1
VDC
dEMF
dt
=
1
VDC
〈Q(t)|dH(t)
dt
|Q(t)〉
=
e∆0
~
∫ W
0
dx〈Q(t)|Γ>(x) sin
(
Npix
W
− eVDCt
~
)
σyΓ(x)|Q(t)〉
≈
∫ W
0
dx〈Q(t)|se∆0
~
Γ>(x)σyΓ(x)|Q(t)〉
=
∫ W
0
dx〈Jˆ(x)〉.
We use the Feynman-Hellman theorem in the first line
of the derivation. In the approximation of the third line,
we use sin
(
Npixk
W − eVDCt~
)
= s that is applicable when
λ WN , where s is the sign factor defined above.
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